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Abstract

A complementary tree dominating set of a graph G, is a set D of
vertices of G such that D is a dominating set and the induced sub
graph (V '\ D) is a tree. The complementary tree domination number
of a graph G, denoted by Yeta(G), is the minimum cardinality of a
complementary tree dominating set of G. An edge-vertex dominat-
ing set of a graph G is a set D of edges of G such that every vertex
of G is incident with an edge of D or incident with an edge adja-
cent to an edge of D. The edge-vertex domination number of a graph,
denoted by Ve, (G), is the minimum cardinality of an edge-vertex dom-
inating set of G. We characterize trees for which v(T) = Yeta(T) and

Yetd(T) = Yeo(T) + 1.
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1. Introduction

Let G = (V, E) be a graph. By the neighborhood of a vertex v of G we
mean the set Ng(v) ={u € V(G) : uv € E(G)}. The degree of a vertex v,
denoted by dg(v), is the cardinality of its neighborhood. By a leaf we mean
a vertex of degree one, while a support vertex is a vertex adjacent to a leaf.
We say that a support vertex is strong (weak, respectively) if it is adjacent
to at least two leaves (exactly one leaf, respectively). We denote by P, the
path on n vertices. Let T be a tree, and let v be a vertex of T. We say
that v is adjacent to a path P, if there is a neighbor of v, say x, such that
the subtree resulting from 7" by removing the edge vz and which contains
the vertex x as a leaf, is a path P,. By a star we mean a connected graph
in which exactly one vertex has degree greater than one.

A subset D C V(G) is a dominating set of G if every vertex of V/(G)\ D
has a neighbor in D. The domination number of G is the minimum cardi-
nality of a dominating set of G. For a comprehensive survey of domination
in graphs, the reader is referred to [1, 2].

A set D C V(G) is a complementary tree dominating set, abbreviated
CTDS, of G if it is a dominating set and the induced sub graph (V' \ D)
is a tree. The complementary tree domination number of G, denoted by
Yetd(G), is the minimum cardinality of a complementary tree dominating set
of G. A complementary tree dominating set of G of minimum cardinality is
called a v.44(G)-set. Complementary tree domination was introduced and
studied in [5].

An edge e € E(G) dominates a vertex v € V(G) if e is incident with v
or e is incident with a vertex adjacent to v. A subset D C E(G) is an edge
vertex dominating set, abbreviated EVDS, of a graph G if every vertex of
G is edge vertex dominated by an edge of D. The edge vertex domination
number of a graph G, denoted by 7., (G), is the minimum cardinality of an
edge vertex dominating set of G. Edge vertex domination in graphs was
introduced in [6].

Trees with equal domination and total domination numbers are char-
acterized in [3] and in [4], trees with double domination number equal to
2-domination number plus one were characterized. We characterize all trees
with equal domination and complementary tree domination numbers and
in section 3, we characterize all trees with complementary tree domination
number equal to edge-vertex domination number plus one.
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2. Trees with equal domination and complementary tree dom-
ination numbers

In [5] we can find out the following elementary but useful observations.
Observation 1. Every leaf is in every ~v.q(T)-set.
Observation 2. For every graph G we have v(G) < v.q4(G).

We characterize all trees with equal domination and complementary
tree domination numbers. For this purpose we introduce a family T' of
trees T' = T}, that can be obtained as follows. Let 17 be a path Py. If k is
a positive integer, then Ty, can be obtained recursively from 7} by one of
the following operations.

e Operation O1: Attach a path P, by joining its any vertex to a vertex
of T}, which is not a leaf and is adjacent to a support vertex of degree
two.

e Operation Os: Attach a path P, by joining its any vertex to a support
vertex of T}.

We now prove that for every tree T of the family T, the domination
and the complementary tree domination numbers are equal.

Lemma 1. If T € T, then vuq(T) = v(T).

Proof. We use the induction on the number & of operations performed to
construct the tree T'. If T'= T, = Py, then vy4q4(T) =2 =~v(T). Let k > 2
be an integer. Assume the result is true for every tree T = T}, of the family
T constructed by k — 1 operations. Let T' = T} be a tree of the family T'
constructed by k operations.

First assume that T is obtained from 7" by operation O;. The vertex
to which is attached P, we denote by x. Let ujus be the attached path.
Let u; be joined to z. Let y be a support vertex of degree two adjacent
to x and different from u;. Let z be the leaf adjacent to y. Let D’ be
a Yetqa(T')-set. By observation 1, the leaf z € D’. Either y € D' and
Nlz]\ {y} ¢ D' or N(z) \ {y} € D’. In either case it is easy to see that
D" U{ug} is a CTDS of the tree T. Thus Yetq(T) < Yeta(T') + 1. Now let
D be a y(T)-set. To dominate usg, z, the vertex u1,y € D. It is obvious
that D \ {uz} is a DS of the tree 7. Thus y(T") < v(T) — 1. Now we
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get Yetd(T) < Yetd(T') +1 = ~(T") + 1 < ~(T'). By observation 2 we have
Yeta(T) > v(T'). This implies that verq(T) > ().

Assume that T is obtained from 7" by operation Oy. The vertex to
which is attached P> we denote by x. Let y be the leaf adjacent to x. Let
v1vg be the attached path. Let v; be joined to z. Let D’ be a ~eq(T")-
set. By observation 1, the vertex y € D’. Tt is clear that D' U {vy} is
a CTDS of the tree T. Thus veqd(T) < 7eta(T') + 1. Now let D be a
v(T)-set. To dominate vg,y, the vertex vi,x € D. It is obvious that
D\ {v1} is a DS of the tree 7. Thus v(T") < v(T) — 1. Now we get
Yetd(T) < Yera(T') +1 = v(T") + 1 < ~(T). By observation 2 we have
Yeta(T) > v(T'). This implies that verq(T) > y(T). =

We now prove that if the domination and complementary tree domi-
nation numbers of a tree are equal, then the tree belongs to the family
T.

Lemma 2. Let T be a tree. If vo4q(T) = v(T), then T € T.

Proof. Let n mean the number of vertices of the tree 1. We proceed
by induction on this number. If diam(T) = 1, then T = P». We have
Yetd(T) = 1 = ~v(T'). Now assume that diam(T) = 2. Thus T is a star. We
have yea(T) =n—1>1=~(T).

Now assume that diam(T") > 3. Thus the order n of the tree T is at
least four. We obtain the result by the induction on the number n. Assume
that the theorem is true for every tree 7" or order n’ < n.

First assume that some support vertex of T', say x is strong. Let y, z be
a leaf adjacent to z. Let T = T'—y. Let D be a v.4q(T')-set. By observation
1, the leaf y, 2 € D. Tt is obvious that D\ {y} is a CTDS of the tree T".
Thus Yera(T") < veta(T) — 1. Let D' be a v(T")-set. To dominate z, the
vertex © € D. It is clear that D’ is a DS of the tree T. Thus v(T") < ~(T").
We get Yera(T') < Yeta(T) =1 =4(T) =1 < y(T") — 1 < (T").

We now root T" at a vertex 7 of maximum eccentricity diam(T"). Let ¢
be a leaf at maximum distance from r, v be the parent of ¢, and u be the
parent of v in the rooted tree. If diam(T') > 4, then let w be the parent of
u. If diam(T") > 5, then let d be the parent of w. If diam(T") > 6, then let
e be the parent of d. By T, we denote the subtree induced by a vertex x
and its descendants in the rooted tree T

Assume that among the children of u there is a support vertex x, other
than v. Let y be the leaf adjacent to x. Let T = T — T,. Let D be a
Yetd(T)-set. By observation 1, the vertices y,t € D. To dominate u either
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v or x belongs to D. If x € D then D\ {t} is a CTDS of the tree T".
Now assume that v € D. Then (D \ {v,t})U{z} is a CTDS of the tree T".
Thus Yetd(T') < Yeta(T) — 1. Let D' be a v(T")-set. To dominate y,u the
vertex © € D'. Tt is easy to see that D' U {v} is a DS of the tree T. Thus
Y(T) <A(T) + 1. We get Yera(T') < Yeta(T) — 1 = y(T) — 1 < 4(T"). This
implies that v.q(T") = v(T"). By the inductive hypothesis 77 € T. The
tree T is obtained from T” by operation O;. Thus T' € T.

Assume that some child of u, say z, is a leaf. Let 7" = T — T,. Let
D be a 7.4q(T)-set. By observation 1, the vertices z,t € D. It is easy to
see that (D \ {t}) is a CTDS of the tree 7. Thus Yea(T") < Yeta(T) — 1.
Let D' be a v(T")-set. To dominate = the vertex w € D'. Tt is easy
to see that D' U {v} is a DS of the tree T. Thus v(T) < ~(7T") + 1.
We get Vera(T') < Yea(T) — 1 = 4(T) — 1 < 4(T"). This implies that
Yeta(T") = (T"). By the inductive hypothesis 77 € T. The tree T is
obtained from 7" by operation Oo. Thus T € T.

Assume that dp(u) = 2. First assume that dp(w) > 3. Let T/ =T —T,,.
Let D' be a (T")-set. It is easy to see that D' U{v} is a DS of the tree T
Thus v(T) < v(T") + 1. Let D be a ~v.q(T)-set. By observation 1, t € D.
Since the induced sub graph of V' '\ D is a tree, the vertex v € D. Tt is
clear that w is dominated by a vertex adjacent to it other than u. We have
D\ {v,t} is a CTDS of the tree 7. Thus veq(T") < Yera(T) — 2. We now
get Yera(T") < Yera(T) =2 =(T) =2 < (T") =1 <(T").

Assume that dr(w) = 1. We have T' = P,. This gives v.q(T) = 2 =
v(T). Thus T € T. Now assume that dp(w) = 2. Let 7" = T — T,.
Let D' be a v(T")-set. It is easy to see that D' U {v} is a DS of the tree
T. Thus v(T) < 4(T') + 1. Let D be a 7eq(T)-set. The induced sub
graph (V'\ D) is a tree therefore, we have ¢,v,u,w € D. It is obvious that
D\ {v,u,t} is a CTDS of the tree T". Thus Veta(T") < Yera(T) — 3. We get
Yeta(T') < Yera(T) =3 =y(T) =3 < y(T") = 2 < (T"). u

As an immediate consequence of Lemmas 1 and 2, we have the following
characterization of the trees with equal domination and complementary tree
domination numbers.

Theorem 3. Let T be a tree. Then vq(T) =~(T) if and only if T € T

3. Complementary tree domination and edge-vertex domina-
tion numbers of trees

We start this section by proving that for any tree T', Yetq(T) > Yeo (T).
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Lemma 4. For every tree T we have Yoq(T) > Yeu(T).

Proof. If diam(T) < 3, then we get e (T) = 1 < 2 < 44q(T). Now
assume that diam(T") > 4. Thus the order n of the tree T is at least five.
The result we obtain by the induction on the number n. Assume that the
lemma is true for every tree T of order n’ < n.

First assume that some support vertex of T', say z, is strong. Let y be
a leaf adjacent to x. Let T/ =T —y. Let D’ be any v, (T")-set. It is easy
to see that D’ is an EVDS of the tree 7. Thus vey(T) < 7eu(T”). Let D
be a y.q(T)-set. It is obvious that D\ {t} is a CTDS of the tree T”. Thus
'thd(T,) < 'thd(T) — 1. We now get 'thd(T) > 'thd(T,) +1> 'Ye'u(Tl) +12>
Yeo(T) +1 > Yeo(T).

We now root 1" at a vertex r of maximum eccentricity diam(T). Let ¢
be a leaf at maximum distance from r, v be the parent of ¢, u be the parent
of v, and w be the parent of v in the rooted tree. By T, we denote the
subtree induced by a vertex x and its descendants in the rooted tree 7T

Assume that some child of u, say z, is a leaf. Let T/ = T — T,,. Let
D' be a e, (T")-set. It is obvious that D\ {uv} is an EVDS of the tree T
Thus Ve (T) < Yeo(T') + 1. Let D be a yqq(T)-set. Obviously D \ {¢, v}
is a CTDS of the tree 7. Thus Yea(T') < Yeta(T) — 2. We now get
Yetd(T) > ’Vctd(T/) +2> ’Yev(T/) +2 2 Yew(T) +1 > e (T).

Assume that among the children of u there is a support vertex, say x,
other than v. Let 7" = T — T,. Let D' be a ven(T")-set. It is obvious
that D \ {uv} is an EVDS of the tree T. Thus vey(T) < 7Yep(T”) + 1. Let
D be a y.q(T)-set. Obviously D\ {t,v} is a CTDS of the tree 77. Thus
'thd(T,) < 'thd(T) — 2. We now get 'thd(T) > 'thd(T,) +2> 'Yev(Tl) +22>
Yeo(T) +1 > Yeu(T).

Assume that dr(u) = 2. Let T/ =T —T,,. Let D’ be a e, (T")-set. It is
obvious that D\ {uv} is an EVDS of the tree T'. Thus Yey(T') < Yeu(T7)+1.
Let D be a 7y.q(T')-set. Let k be a neighbor of w. If kK € D, the D\ {¢t,v} is a
CTDS of the tree T". If k ¢ D, the set (D \ {u,v,t})U{k} is a CTDS of the
tree T". Thus Yea(1") < Yeta(T) — 2. We now get Yera(T) > Yera(T") + 2 >
’Yev(T/) +2> ’Yev(T) +1> 'Yev(T)‘

|

We characterize all trees with complementary tree domination number
equal to ev-domination number plus one. For this purpose we introduce a
family F of trees T' = T}, that can be obtained as follows. Let T € {Ps, P4}.
If k is a positive integer, then T} can be obtained recursively from 7}, by
one of the following operations.
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e Operation Op: Attach a path P, by joining its any vertex to a vertex
of T}, # P3, which is not a leaf and is adjacent to a support vertex of
degree two.

Now we prove that for every tree of the family F', the complementary
tree domination number is equal to ev-domination number plus one.

Lemma 5. If T € F, then vuq(T) = Yeo(T) + 1.

Proof. We use the induction on the number & of operations performed to
construct the tree. If T'= Ty = P, then obviously y.4(T) =2=1+1=
Yeo(T)+1. If T =Ty = Py, then obviously yuq(T) =2 = 141 = v, (T) +1.
Let k > 2 be an integer. Assume that the result is true for every 7" = T},
of the family F' constructed by k operations.

First assume that 7" is obtained from 7" by operation O;. The vertex
to which is attached P> we denote by z. Let ujus mean the attached path.
Let uy be joined to x. The path P> adjacent to x and different from wjus
we denote by viva. Let vy be adjacent to z. Let D’ be a y.q(T")-set. The
vertex vy € D’. Tt is obvious that D' U {us} is a CTDS of a tree T'. Thus
Yetd(T) < Yera(T') + 1. Let D be a 7ey(T)-set. To dominate uz and vg,
the edges zuy,zv1 € D. It is clear that D \ {zu1} is an EVDS of the tree
T'. Thus Yeu(T") < Yeo(T) — 1. Now we get Yea(T) < Yea(T') +1 =
Yeu(T') + 141 < 7, (T) + 1. On the other hand, by lemma 4, we have
Yetd(T) = Yeu(T) + 1. This implies that vyeq(T) = Yeo (T) + 1. [ ]

Lemma 6. Let T be a tree of order n > 3. If vu4q(T) = Yeu(T') + 1, then
TePF.

Proof. If diam(T) = 2, then T is a star. If 7' = P3, then T' € F. If T’
is a star different from Ps3, then vq(T) =n —1 > 2 = 7,,(T) + 1. Now
assume that diam(7T) > 3. Thus the order n of the tree T is at least four.
The result we obtain by the induction on the number n. Assume that the
theorem is true for every tree 1" or order n’ < n.

First assume that some support vertex of T', say u, is strong. Let y be
a leaf adjacent to x. Let T/ =T —y. Let D’ be any v, (T")-set. It is easy
to see that D’ is an EVDS of the tree T. Thus vey(T) < Yeu(T”). Let D
be a v.q4(T)-set. By observation 1, the leaf y € D. It is easy to see that
D\ {y} is an CTDS of the tree T'. Thus Yeq(T") < Yera(T) — 1. We now
get Pthd(T/) < ’thd(T) —1= Vev (T) +1-1< P)/EU(T/) < ’Yev(T/) + L
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We now root 7" at a vertex r of maximum eccentricity diam(T'). Let ¢
be a leaf at maximum distance from r, v be the parent of ¢, and u be the
parent of v in the rooted tree. If diam(T') > 4, then let w be the parent
of u. If diam(T") > 5, then let d be the parent of w. By T, we denote the
subtree induced by a vertex = and its descendants in the rooted tree T

Assume that among the children of u there is a support vertex, say =,
other than v. Let y be a leaf adjacent to x. Let T = T —T,,. Let D’ be any
Yeu(T")-set. Tt is easy to see that D'U{uv} is an EVDS of the tree T. Thus
Yeu(T) < Yeu(T") + 1. Now let D be a 7.q(T)-set. By observation 1, the
leaves y,t € D. If v € D, then clearly (D \ {v,t}) U {z} is a CTDS of the
tree T'. If v ¢ D, then D\ {t} is a CTDS of the tree T". Thus v.q(T") <
Yetd(T) —1. We now get Yera(T") < Yetd(T) =1 = Yeu (T)+1-1 < e (T7) + 1.
On the other hand by Lemma 4 we have vo14(T") > 7ew(T7)+1. This implies
that Yeta(T") = Yeu(T") + 1. By the inductive hypothesis we have 77 € F.
The tree T' can be obtained from T” by operation O;. Thus T € T.

Assume that some child of u, say z, is a leaf. Let T/ =T — T,,. Let D’
be a vep(T”)-set. It is easy to see that D' U {uv} is an EVDS of the tree T.
Thus Yey (T) < Yeu(T") 4+ 1. Let D be a y.4q(T)-set. Clearly t,x,v € D. Tt is
obvious that D\ {¢t,v} is a CTDS of the tree T". Thus vetq(T") < Veta(T)—2.
We now get fVctd(T,) < ’thd(T) —2= ’}/EU(T) +1-2< Vev(T/) < Yev (T,) +1.

Now assume that dr(u) = 2. If dp(w) = 1, then T = P, € F. Now
assume that dr(w) > 3. Assume that there is a child of w other than w,
say x, such that the distance of w to the most distant vertex of T}, is three
or two or one. It suffices to consider the case T} is P; or Py or P;. Let
T' =T —T,. Let D' be a v, (T")-set. It is easy to see that D' U {uv} is an
EVDS of the tree T. Thus Yey(T) < Yeu(T”) + 1. There exists a yqq(T)-set
that does not contain the vertex u. Let D be such a set. It is obvious that
t,v € D. It is easy to see that D\ {t,v} is a CTDS of the tree 7. Thus
Vctd(T/) < ’thd(T) —2. We now get ’thd(T,) < ’Vctd(T) —2="e (T) +1-2<
Yeo(T") < Yeu(T") + 1.

Now assume that dr(w) = 2. If dp(d) = 1, then T = P5. We have
Yetd(T) = 4 = 341 > v, (T) = 1. Assume that dr(e) > 2. Let T = T—1T,.
Let D' be a ey (T")-set. It is easy to see that D' U {uv} is an EVDS
of the tree T. Thus Yep(T) < Yeuo(T') + 1. Let D be such a ~yqq(7T)-
set. It is obvious that ¢,v,u,w € D. It is easy to see that D \ {¢,v,u}
is a CTDS of the tree 7. Thus Yea(T') < Yeta(T) — 3. We now get
Vctd(T/) < ’YCtd(T) -3= ’Ye'u(T) +1-3< Vev(T,) -1< Vev(T/) + 1. u
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As an immediate consequence of Lemmas 5 and 6, we have the following

characterization of the trees with complementary tree domination number
and edge-vertex domination number plus one.

Theorem 7. Let T be a tree. Then eq(T) = Yeo(T) + 1 if and only if
TekF.
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