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Abstract

We consider the Banach–Mackey property for pairs of vec-
tor spaces E and E′ which are in duality. Let A be an algebra
of sets and assume that P is an additive map from A into
the projection operators on E. We define a continuous gliding
hump property for the map P and show that pairs with this glid-
ing hump property and another measure theoretic property are
Banach-Mackey pairs, i. e., weakly bounded subsets of E are
strongly bounded. Examples of vector valued function spaces,
such as the space of Pettis integrable functions, which satisfy
these conditions are given.
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1. Introduction

In [L] H. Lebesgue introduced the gliding hump technique of proof to
establish uniform boundedness principles for several concrete function
spaces such as L2. The technique was then employed in a similar fash-
ion by Schur ([Sch]) and Hellinger/Toeplitz ([HT]). The early proofs
of abstract uniform boundedness theorems in functional analysis by
Banach ([B]), Hahn ([Ha]) and Hilldebrandt ([Hi]) also employed glid-
ing hump methods. Abstract gliding hump assumptions are employed
to treat a number of topics in sequence spaces (see [BF]); these gliding
hump assumptions in sequence spaces typically involve properties of
sectional projections. In order to treat similar problems in general
function spaces Drewnowski, Florencio, and Paúl considered locally
convex spaces which were equipped with a Boolean algebra of projec-
tions satisfying a gliding hump property and as an application used
their gliding hump result to show that the space of Pettis integrable
functions, while not being complete, is barrelled ([DFP1], [DFP2]).
Similar gliding hump assumptions for spaces with a Boolean algebra
of projections were considered in [DFFP1], [DFFP2], [Sw3] § 4.8, to
treat other properties of function spaces. In this paper we consider
another gliding hump property which seems to be quite useful in estab-
lishing the Banach-Mackey property for a locally convex space with
a Boolean algebra of projections. We then give applications of our
abstract result to several spaces of vector-valued functions.

2. Main Results

We begin by introducing notation and preliminary assumptions.
Let A be an algebra of subsets of a set S and let E, E ′ be a pair

of vector spaces in duality with respect to the bilinear mapping <,>.
Let σ (E, E ′) [β (E, E ′)] be the weak [strong] topology on E from this
duality ([Wi]), [Sw1]). Let L(E) be the space of all continuous linear
operators from E to E and let P : A → L (E) be finitely additive with
P (φ) = 0 and P (S) = I, the identity operator on E,and P (A∩B) =
P (A)P (B) for A,B ∈ A [so each P (A) is a continuous projection]. If
A ∈ A, we write P (A) = PA and PAB = {PAx : x ∈ B} for B ⊂ E,
and if x ∈ E, y ∈ E ′, we write 〈y, Px〉 for the finitely additive set
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function A → 〈y, PAx〉 , A ∈ A. In the applications E is always a
space of measurable functions and the PA are projections which are
multiplication by the characteristic function of a set A ∈ A.

We consider the following properties for the function P . First, we
consider a decomposition property. We say that P satisfies property
(D) if:

(D) For every x ∈ E, y ∈ E ′, ε > 0 there exists pairwise disjoint

{A1, ..., An} ⊂ A such that S =
n⋃

i=1
Ai and v (〈y, PAi

x〉) < ε,

where v (〈y, Px〉) is the variation of 〈y, Px〉 ([Sw2] 2.2.1). [A
finitely additive set function with the property of 〈y, Px〉 in (D)
is called strongly continuous by Rao and Rao ([RR] 5.1.4).]

Remark 2.1. If µ : A → [′,∞) is finitely additive and strongly con-
tinuous and lim

µ(A)→0
〈y, PAx〉 = 0 for every x ∈ E, y ∈ E ′, then (D) is

satisfied. In particular, if A is a σ-algebra and µ is a finite non-atomic
(countably additive) measure with lim

µ(A)→0
〈y, PAx〉 = 0, then (D) holds

([RR] 5.1.6).

We next consider a uniform boundedness property for P. We say
that P satisfies property (B) if:

(B) If B ⊂ E is σ (E, E ′) bounded, then {PAB : A ∈ A} is σ (E, E ′)
bounded.

Remark 2.2. Suppose E is a Hausdorff locally convex space with
dual E.′ If

(B
′
) {PAB : A ∈ A} is bounded in E for every bounded B ⊂ E,

then (B) holds. In particular, if {PA : A ∈ A} is equicontinuous, then
(B

′
) holds.

Finally, we consider gliding hump properties for P . Let 1 ≤ p < ∞
and 1/p + 1/q = 1.
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(strong `p-GHP): If {Aj} ⊂ A is pairwise disjoint and {xj} ⊂ E
is σ (E,E ′) bounded, then for every t = {tj} ∈ `p the series
∞∑

j=1
tjPAj

xj is σ (E,E ′) convergent in E.

(weak `p-GHP): If {Aj} ⊂ A is pairwise disjoint and {xj} ⊂ E
is σ (E, E ′) bounded, then there exists an increasing sequence

{nj} such that for every t = {tj} ∈ `p the series
∞∑

j=1
tjPAnj

xnj
is

σ (E, E ′) convergent in E.

The difference in the weak and strong `p-GHP is the necessity
to pass to a subsequence in the weak property. The application in
section 5, where Lp−spaces with respect to a finitely additive measure
are considered, gives an example where the weak `p-GHP property is
utilized.

If E is a Hausdorff locally convex space with dual E ′ and if the
series in the definitions above converge in the weak topology σ (E, E ′),
then the series actually converge in the original topology of E by the
Orlicz-Pettis Theorem since the series are weakly subseries convergent
([Sw1] 18.11). In applications to concrete function spaces, it is often
easy to check the convergence of the series in the original topology of
the function space.

Remark 2.3. It is possible to replace the multiplier t = {tj} ∈ `p in
the definitions above with elements of other scalar sequence spaces,
but it is not clear if this leads to any interesting applications.

Remark 2.4. The gliding hump property introduced above is a com-
bination of similar properties utilized in [DFFP1], [DFFP2] and [Sw3]
§ 4.8 and seems to be quite useful in treating the Banach-Mackey prop-
erty for vector-valued function spaces with values in a locally convex
space.

Example 2.5. If E is locally complete and P satisfies (B′), then P
has strong `1-GHP [the series in the definition is absolutely convergent
and, therefore, convergent]. The space of Pettis integrable functions
gives an example of a non-complete space with strong `1-GHP [see
section 3]. An example of a space with weak `1-GHP is given in
section 5.
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Recall that the pair E, E ′ is a Banach-Mackey pair if every σ (E, E ′)
bounded set is β (E, E ′) bounded ([Wi] 10.4).

Theorem 2.6. If P satisfies (D) and weak `p-GHP, then E,E ′ is a
Banach-Mackey pair.

Proof: If not, there exist F ⊂ E σ (E, E ′) bounded, G ⊂
E ′ σ (E, E ′) bounded such that

|〈G,F 〉| = : sup {|〈y, x〉| : y ∈ G, x ∈ F} = ∞.

There exist y1 ∈ G, x1 ∈ F such that |〈y1, x1〉| = |〈y1, PSx1〉| > 2. By
(D) there exists a partition {A1, ..., An} of S such that v (〈y1, PAi

x1〉) <
1, and we may assume |〈G,PA1F 〉| = ∞. Put B1 = S \ A1 and note

|〈y1, PB1x1〉| = |〈y1, PSx1〉 − 〈y1, PA1x1〉| > 2− v (〈y1, PA1x1〉) > 1.

Treating A1 as S above, there exist a partition {A2, B2} of A1,
x2 ∈ F , y2 ∈ G, such that |〈G,PA2PA1F 〉| =| 〈G,PA2F 〉 |= ∞ and
|〈y2, PB2PA1x2〉| =| 〈y2, PB2x2〉 |> 2. Continuing this construction
produces a pairwise disjoint sequence {Bj} ⊂ A, xj ∈ F , yj ∈ G such
that

(1)
∣∣∣
〈
yj, PBj

xj

〉∣∣∣ > j.

From weak `p-GHP define a linear operator T : `p → E by Tt =
∞∑

j=1
tjPBnj

xnj
, where the series is σ (E, E ′) convergent in E. We claim

that T is σ (`p, `q)−σ (E, E ′) continuous. Indeed, if t ∈ `p and y ∈ E ′,

then since the series
∞∑

k=1
tk

〈
y, PBnk

xnk

〉
converges for every t ∈ `p the

sequence
{〈

y, PBnk
xnk

〉}
belongs to `q. Hence

〈y, T t〉 =
∞∑

k=1

tk
〈
y, PBnk

xnk

〉

so

yT = T ′y =
{〈

y, PBnk
xnk

〉}
∈ `q ,
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where T ′ is the adjoint of T . Hence, T is σ (`p, `q)−σ (E, E ′) continu-
ous ([Sw1] 26.6, [Wi] 11.1.1), and, therefore, β (`p, `q)−β (E, E ′) con-

tinuous ([Sw1] 26.15, [Wi] 11.2.3). In particular {Tej} =
{
PBnj

xnj

}

must be β (E, E ′) bounded, where ej is the element in `p with a 1 in
the jth coordinate and 0 in the other coordinates. But, this contradicts
(1).

Corollary 2.7. Suppose E is a Hausdorff locally convex space with
dual E ′. If P satisfies (D) and weak `p-GHP, then E is a Banach-
Mackey space [i.e., E, E ′ is a Banach-Mackey pair ([Wi] 10.4)].

Proof: Theorem 6 and Remark 2.
Condition (D) effectively restricts the application of Theorem 6

and Corollary 7 to function spaces based on non-atomic measures [see
Remark 1]. We next establish a result which is applicable to general
finite measures which may have atoms but which requires additional
assumptions on P .

Theorem 2.8. Assume that E is a Hausdorff locally convex space
with dual E ′, A is a σ-algebra, and there exists a finite measure µ :
A → [′,∞) such that lim

µ(A)→0
〈y, PAx〉 = 0 for every x ∈ E, y ∈ E ′ and

if A is a µ-atom, then PAE is a Banach-Mackey space. If P satisfies
weak `p-GHP, then E is a Banach-Mackey space.

Proof: Let {Aj : j ∈ I} be a pairwise disjoint family from A with
union S such that each Aj has finite µ-measure and contains at most
one µ-atom. If Aj contains no µ-atom, then PAj

E is a Banach-Mackey
space by Theorem 6 and Remark 1; on the other hand, if Aj contains a
µ-atom, then PAj

E is the direct sum of two Banach-Mackey spaces by
the observation above and the hypothesis. Thus, in any case, PAj

E
is a Banach-Mackey space for every j ∈ I.

If I is finite, then E is a finite direct sum of the Banach-Mackey
spaces

{
PAj

E : j ∈ I
}

and is, therefore, Banach-Mackey.
Assume that I is countably infinite with I = N. If E is not

Banach-Mackey there exist F ⊂ E σ (E, E ′) bounded and G ⊂ E ′

σ (E ′, E) bounded such that |〈G,F 〉| = ∞. For each k there exist
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xk ∈ G, yk ∈ F such that |〈yk, xk〉| > 2k, and since each 〈yk, Pxk〉
is countably additive,

∣∣∣∣∣
∞∑

j=1

〈
yk, PAj

xk

〉∣∣∣∣∣ > 2k. Put k1 = 1 and pick

m1 such that

∣∣∣∣∣
m1∑
j=1

〈
y1, PAj

x1

〉∣∣∣∣∣ > 2. Since each PAj
E is Banach-

Mackey, lim
k

1
k

〈
yk, PAj

xk

〉
= 0 for each j so there exists k2 > k1 such

that
m1∑
j=1

∣∣∣
〈
yk2 , PAj

xk2

〉∣∣∣ < k2. Then

∣∣∣∣∣∣

∞∑

j=m1+1

〈
yk2 , PAj

xk2

〉
∣∣∣∣∣∣
≥

∣∣∣∣∣∣

∞∑

j=1

〈
yk2 , PAj

xk2

〉
∣∣∣∣∣∣
−

m1∑

j=1

|〈yk2 , PAjxk2〉| > k2.

Pick m2 > m1 such that

∣∣∣∣∣
m2∑

j=m1+1

〈
yk2 , PAj

xk2

〉∣∣∣∣∣ > k2. Continuing this

construction produces
{
ykj

}
⊂ G,

{
xkj

}
⊂ F and an increasing se-

quence {mj} such that

(2)
∣∣∣
〈
ykj

, PCj
xkj

〉∣∣∣ > kj,

where Cj=

mj+1⋃
i=mj+1

Ai . For convenience of notation, assume kj =

j. Now apply weak `p-GHP to the sequences {Cj} and {xj}
and again assume nk = k. From weak `p-GHP we may define a

linear operator T : `p → E by Tt =
∞∑

j=1
tjPCj

xj, where the series

is σ (E, E ′) convergent in E. As in the proof of Theorem 6, T
is strongly continuous so {Tej} = {PCj

xj} is β(E,E ′) bounded
contradicting (2).

Remark 2.9. If P in Theorem 8 satisfies the condition that lim
µ(A)→0

PAx = 0, then the hypothesis in Theorem 8 holds.

3. The Pettis Integral

We consider the space of Pettis integrable functions with values in a
Hausdorff, sequentially complete locally convex space E. Let µ be



250 Charles Swartz

a finite measure defined on a σ-algebra
∑

of subsets of S. A func-
tion f : S → E is µ-Pettis integrable if x′f = x′◦f ∈ L1 (µ) for
every x′ ∈ E ′ and for every A ∈ ∑

there exists xA ∈ E such that
〈x′, xA〉 =

∫
A x′fdµ; the element xA is called the Pettis integral of f

over A and is denoted by
∫
A fdµ. The set function

∫
fdµ :

∑ → E
defined by (

∫
fdµ) (A) =

∫
A fdµ is countably additive by the Orlicz-

Pettis Theorem ([DS] IV.10.1) and, therefore, has bounded range
([DS] IV.10.2). Let E be the family of all continuous semi-norms
on E. We use E to define a natural topology on the space of all
µ-Pettis integrable functions, P (µ, E) ; if p ∈ E and f ∈ P (µ, E), set
p1 (f) = sup {p (

∫
A fdµ) : A ∈ ∑} [note p1 is finite by the observation

above]. We equip P (µ , E) with the locally convex topology generated
by the semi-norms {p1 : p ∈ E}. When E is a Banach space, this topol-
ogy agrees with the usual topology on the space of Pettis integrable
functions.

It is known that if E is a Banach space, then P (µ, E) although
not usually complete, is barrelled ([DFP1], [DFP2]); we use Theorem
2.8 to show that P (µ, E) is a Banach-Mackey space.

For each A ∈ ∑
let PA be the projection on P (µ, E) defined by

PAf = χAf . Note {PA : A ∈ ∑} is equicontinuous so property (B′)
holds [Remark 2]. Moreover, since lim

µ(A)→0

∫
A fdµ = 0 ([DS] IV.10.1),

the absolute continuity assumption of Theorem 2.8 also holds. We
also show that P satisfies strong `1-GHP.

Theorem 3.1. P satisfies strong `1-GHP.

Proof: Let {fk} be bounded in P (µ, E), let {Aj} ⊂ ∑
be

pairwise disjoint and let t ∈ `1. Set f =
∞∑

j=1
tjPAj

fj [pointwise].

If x′ ∈ E ′, then x′f =
∞∑

j=1
tjχAj

x′fj and |x′f | =
∞∑

j=1
|tj|χAj

|x′fj|

pointwise and for A ∈ ∑
,

∫
A |x′f | dµ =

∞∑
j=1
|tj|

∫
A∩Aj

|x′fj| dµ by the

Monotone Convergence Theorem. Since x′ is continuous, there ex-
ists p ∈ E such that |〈x′, x〉| ≤ p (x) for all x ∈ E. Therefore,∣∣∣
〈
x′,

∫
A∩Aj

fjdµ
〉∣∣∣ ≤ p1 (fj) and

∫
S |x′fj| dµ ≤ 4p1 (fj) ([DS] III.1.5)

so the series
∞∑

j=1
|tj|

∫
A∩Aj

|x′fj| dµ converges since {fj} is bounded.
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Thus, x′f ∈ L1 (µ). If A ∈ ∑
, the series

∞∑
j=1

tj
∫
A∩Aj

fjdµ is absolutely

convergent in E since {fj} is bounded, and since E is sequentially
complete, the series converges to some xA ∈ A. Moreover, if x′ ∈ E ′,
then

〈x′, xA〉 =
∞∑

j=1

tj

〈
x′,

∫

A∩Aj

fjdµ

〉
=

∞∑

j=1

tj

∫

A∩Aj

x′fjdµ =
∫

A
x′fdµ

by the Dominated Convergence Theorem so f is µ-Pettis integrable

with
∫
A fdµ = xA. Finally, the series

∞∑
j=1

tjχAj
fj converges to f in the

topology of P (µ , E). Indeed, if p ∈ E , then

p1


f −

n∑

j=1

tjχAj
fj


 ≤

∞∑

j=n+1

|tj| p1 (fj) → 0

since {fj} is bounded.
It now follows from Theorem 2.8 that P (µ, E) is a Banach-Mackey

space [E is a Banach-Mackey space since E is sequentially complete
([Wi] 10.4.8)]. Of course, if E is metrizable, then P (µ, E) is metrizable
so P (µ, E) is barrelled in this case. Necessary and sufficient conditions
for P (µ, E) to be barrelled do not seem to be known.

4. McShane Integral

We give an example where Theorem 2.6 and Corollary 2.7 are appli-
cable when the set A is only an algebra (not a σ-algebra). Let X be a
Banach space and S = [0, 1). A partition of S is a finite collection of
pairwise disjoint intervals {[ai, bi) : 1 ≤ i ≤ n} whose union is S, and
a tagged partition is a finite collection of pairs
P = {(ti, [ai, bi)) : 1 ≤ i ≤ n}, where {[ai, bi) : 1 ≤ i ≤ n} is a parti-
tion of S and ti ∈ S. If f : S → X and P is a tagged parti-
tion of S, the Riemann sum of f with respect to P is defined to

be S (f,P) =
n∑

i=1
f (ti) (bi − ai). A gauge on S is a function δ : S →

(0,∞), and if P is a tagged partition of S, P is said to be δ-fine if
[ai, bi] ⊂ (ti − δ (ti) , ti + δ (ti)) for 1 ≤ i ≤ n.
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Definition 4.1. A function f : S → X is said to be McShane inte-
grable over S if there exists x ∈ X such that for every ε > 0 there
exists a gauge δ on S such that ‖S (f,P)− x‖ < ε whenever P is a
δ-fine tagged partition of S. The element x is called the McShane
integral of f over S and will be denoted by

∫
S f .

The McShane integral is linear, and if f is McShane integrable over
S, then f is McShane integrable over every subinterval [a, b) of S. If
A is the algebra generated by the half-closed subintervals [a, b) of S,
the integral is a finitely additive set function on A (for this and further
properties of the vector-valued McShane integral see [FM], [G]).

Let M (S,X ) be the space of X-valued functions which are Mc-
Shane integrable over S. We define a norm on M (S,X ) by ‖f‖ =
sup {‖∫A f‖ : A ∈ A}. The space M (S,X ) is contained in the space
of Pettis integrable functions (with respect to Lebesgue measure on
S) and, in certain cases, such as when X is separable, coincides with
the space of Pettis integrable functions ([FM] 2C, 2D). Hence, in gen-
eral, M (S,X ) is not complete; however, we use Corollary 2.7 to show
M (S,X ) is barrelled.

As before, we define PAf = χAf for A ∈ A, f ∈ M (S,X ). First,
property (D) holds for P since lim

m(A)→0
‖∫A f‖ = 0, where m is Lebesgue

measure on S (Remark 1 and Theorem 10 of [Sw4]).
We next show strong `1-GHP holds.

Theorem 4.2. P satisfies strong `1-GHP.

Proof: Let {Aj} ⊂ A be pairwise disjoint, {fj} ⊂ M (S,X )

be bounded and t ∈ `1. Put f =
∞∑

j=1
tjχAj

fj [pointwise]. Since
∥∥∥tjχAj

fj

∥∥∥ ≤ |tj| ‖fj‖, it follows from Theorem 8 of [Sw4] that f ∈
M (S,X ) and the series converges in M (S,X ).

From Corollary 2.7, we have

Corollary 4.3. M (S,X ) is barrelled.

Remark 4.4. The barrelledness of M (S,X ) is also established in
[DFFP1] and [Sw4] using other abstract gliding hump theorems. It
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is the case that any function which is McShane integrable over S is
also McShane integrable over every Lebesgue measurable subset of S,
but this is much less elementary than the fact that such a function
is integrable over subintervals (see [FM] 2E); this fact is used in the
proofs of [DFFP1].

5. Functions Integrable with respect to a Finitely
Additive Measure

In this section we give an example where weak `p-GHP is satisfied.
Let

∑
be a σ-algebra of subsets of a set S and µ :

∑ → [0,∞)
be finitely additive (a positive change in the terminology of [RR]).
Let Lp (µ) be the space of real-valued functions on S which are µ-
integrable equipped with the Lp-norm, ‖f‖p

p =
∫
S |f |p dµ (see [RR] for

details of the integral). It is known that, in general, Lp (µ) is not
complete ([RR] 4.6.8). It is an open question as to whether Lp (µ) is
barrelled, but we use Corollary 2.7 to show that this is the case when∑

is a σ-algebra and µ is strongly continuous ([RR] 5.1.4). As usual,
if A ∈ ∑

, we define PAf = χAf for f ∈ Lp (µ).
We show that P satisfies weak `p-GHP.

Theorem 5.1. P satisfies weak `p-GHP.

Proof: Let {fj} ⊂ Lp (µ) be bounded, {Aj} ⊂ ∑
pairwise disjoint.

From Drewnowski’s Lemma ([Sw2] 2.3.3), there is a subsequence{
Anj

}
such that µ is countably additive on the σ-algebra generated

by
{
Anj

}
. For notational convenience assume nj = j. For t = {tj} ∈

`p put f =
∞∑

j=1
tjχAj

fj [pointwise]. We show f ∈ Lp (µ) and the series

converges to f with respect to ‖ ‖p. For this we employ Theorem
4.6.10 of [RR].

First, we claim that

{
n∑

j=1
tjχAj

fj

}
converges to f µ-hazily. This

follows since if ε > 0,


t :

∣∣∣∣∣∣

n∑

j=1

tjχAj
fj (t)− f (t)

∣∣∣∣∣∣
≥ ε



 ⊂

∞⋃

j=n+1

Aj
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and µ

(
∞⋃

j=n+1
Aj

)
→ 0 by countable additivity. Next, we claim that

{
n∑

j=1
tj

∫
χAj

|fj|p dµ

}
are uniformly µ-continuous. For this it suf-

fices to show that the sequence

{
n∑

j=1
tjχAj

|fj|p
}

is ‖ ‖p-Cauchy ([RR]

4.4.13;for if {gi} is ‖ ‖p Cauchy, then (
∫
A | gi |p)1/p ≤‖ gi − gn ‖p

+(
∫
A | gi |p)1/p and each

∫ | gi |p dµ is µ-continuous. This follows
since ∥∥∥∥∥∥

n∑

j=m

tjχAj
fj

∥∥∥∥∥∥
p

≤
n∑

j=m

|tj| ‖fj‖p → 0

as m →∞ (n > m).

Theorem 4.6.10 of [RR] is now applicable and gives the result.

A similar result where
∑

is only assumed to be an algebra and µ
is assumed to be strongly non-atomic ([RR] 5.1.5) is given in [Sw5],
but it remains an open question as to whether Lp (µ) is barrelled in
general.

The abstract gliding hump result given by [DFFP1] seems to re-
quire that the set functions 〈y, Px〉 are countably additive and, there-
fore, in contrast to Theorem 2.6 and Corollary 2.7 is not applicable to
those general Lp-spaces.

6. Dieudonne-Köthe Spaces

We give an application of Theorem 2.8 to a wide class of vector-
valued function spaces constructed by Florencio, Mayoral and Paúl.
We briefly describe their construction and refer the reader to [FMP]
for details. Let S be a Hausdorff, locally compact, σ-compact space
and let µ be a complete Radon measure on S. Let L1

loc be the space
of all (equivalence classes) functions which are locally µ-integrable
and let L∞c be all µ-essentially bounded functions with compact sup-
port. Assume that Λ is a solid subspace of L1

locwhich contains L∞c .
The Dieudonne-Köthe dual of Λ is Λx = {θ ∈ L1

loc : θϕ ∈ L1 (µ) for
allϕ ∈ Λ ; the pair Λ, Λx is then in duality with respect to the bilinear
pairing 〈θ, ϕ〉 =

∫
S θϕdµ, θ ∈ Λx, ϕ ∈ Λ. We consider locally convex
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topologies on Λ generated by solid subsets of Λx. Let M be a sat-
urated family of solid subsets of Λx which are σ (Λx, Λ) bounded, is
such that M covers Λx and is closed under finite unions and positive
multiples. Let τM be the polar topology on Λ generated by M; thus,
τM is generated by the semi-norms pM (ϕ) = sup {∫S |θϕ| dµ : θ ∈ M},
M ∈M.

Let X be a Hausdorff locally convex space whose topology is gener-
ated by the family of semi-norms Q. The space Λ {X} is the space of
all (Lusin) measurable functions f : S → X such that the scalar func-
tion q (f (·)) : S → R, q (f (·)) (t) = q (f (t)), belongs to Λ for every
q ∈ Q. We supply Λ {X} with the locally convex topology generated
by the semi-norms.

pM (q (f (·))) = sup
{∫

S
|θ| q (f (·)) dµ : θ ∈ M

}
,M ∈M, q ∈ Q.

Florencio, Mayoral and Paúl studied which properties of Λ {X}
are inherited from the properties of Λ and X. We use Theorem 2.8 to
give sufficient conditions for Λ {X} to be a Banach-Mackey space.

As before we set PAf = χAf for A a Borel set and f ∈ Λ {X}.
Concerning the gliding hump property we have

Theorem 6.1. If Λ has strong `1-GHP, then Λ {X} has strong `1-
GHP.

Proof: Let {Aj} be a pairwise disjoint sequence of measurable
subsets of S, {fj} ⊂ Λ {X} bounded and t = {tj} ∈ `1. Put f =
∞∑

j=1
tjχAjfj [pointwise]. Let q ∈ Q and ε > 0.

First, we observe that f is measurable since

{
t ∈ S : q

(
∞∑

j=n
tjχAj

fj (t)

)
≥ ε

}
⊂ ∞⋃

j=n
Aj so the intersection of

this set with a compact subset of S gives almost uniform convergence
on compact subsets.

Next, we show that f ∈ Λ (X). Since {g (fj (·))} is bounded in Λ

and Λ has strong `1-GHP, the series
∞∑

j=1
|tj|χAj

q (fj (·)) is τM conver-

gent to some ϕ (= ϕq) in Λ. Since τM is solid, the series also converges
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to ϕ in µ-measure ([Sz] 2.3.1; this result is stated for metrizable spaces
but the proof shows that a null sequence in a solid space converges

to 0 in measure). But, the series
∞∑

j=1
|tj|χAj

q (fj (·)) converges point-

wise to q (f (·)) so we have ϕ = q (f (·)) µ-a.e. and q (f (·)) ∈ Λ, i.e.,
f ∈ Λ {X}.

Finally, the series
∞∑

j=1
tjχAj

fj converges to f in Λ {X} since if M ∈
M, then

{
pM

(
χAj

q (fj (·))
)}

is bounded and

pM


q




∞∑

j=n

tjχAj
fj (·)







=pM

(
∞∑

j=n
|tj|χAj

q (fj (·))
)
≤ ∞∑

j=n
|tj| pM

(
χAj

q (fj (·))
)
.

From Example 2.5 and Theorem 1, we have

Corollary 6.2. If Λ is locally complete, then Λ (X) has strong `1-
GHP.

From the proof of Theorem 1 we also obtain a weak result.

Theorem 6.3. If Λ has weak `1-GHP and X is a normed space, then
Λ (X) has weak `1-GHP.

Concerning property (D) and the hypothesis in Theorem 2.8, we
say that Λ is order continuous if lim

µ(A)→0
χAϕ = 0 for ϕ ∈ Λ [it is noted

in [FMP], p. 189, that this is the case if τM is weaker than the Mackey
topology τ(Λ, Λx)]. If Λ is order continuous, note lim

µ(A)→0
χAf = 0 in

Λ {X} when f ∈ Λ {X}. From Remark 2.1 we obtain.

Theorem 6.4. If Λ is order continuous and µ is finite and non-atomic,
then (D) holds.

From Theorems 1,3,4 and Corollary 2.7, we have

Theorem 6.5. If Λ has strong `1-GHP (or Λ has weak `1-GHP and
X is normed) and is order continuous and if µ is finite and non-atomic,
then Λ (X) is a Banach-Mackey space.
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From Theorems 1,3 and Theorem 2.8, we also have

Theorem 6.6. If Λ has strong `1-GHP (or Λ has weak `1-GHP and
X is normed), is order continuous and if µ is finite and X is a Banach-
Mackey space, then Λ (X) is a Banach-Mackey space.

Proof: If A is a µ-atom, then χA (Λ {X}) is isomorphic to X
and since lim

µ(A)→0
χAf = 0 for f ∈ Λ {X} by the order continuous

assumption, Theorem 2.8 applies and gives the result.
Theorem 7 of [FMP] gives sufficient conditions for the space Λ {X}

to be quasi-barrelled so in conjunction with Theorems 5 and 6 give
sufficient conditions for Λ {X} to be barrelled; the hypothesis in The-
orem 7 of [FMP] is quite different than those of Theorems 5 and 6.
Theorem 8 of [FMP] also give sufficient conditions for Λ {X} to be
barrelled. Of course, if Λ and X are both metrizable, then Λ {X} is
metrizable and Theorems 5 and 6 give sufficient conditions for Λ {X}
to be barrelled.

7. Dobrakov Integral

As a further application of Theorem 2.8 we consider the space of
Dobrakov integrable functions, a space of vector-valued functions in-
tegrable with respect to an operator-valued measure. Let X, Y be
Banach spaces and L (X,Y ) the space of all continuous linear op-
erators from X into Y . Let

∑
be a σ-algebra of subsets of S and

let m :
∑ → L (X,Y ) be countably additive with respect to the

strong operator topology ([DS] VI.1.2), i.e., for every x ∈ X the set
function mx :

∑ → Y , mx (A) = m (A) x is countably additive.
A strongly measurable function f : S → X is m-integrable if and
only if there exist

∑
-simple functions ϕj : S → X such that {ϕj}

converges to f pointwise and lim
∫
A ϕkdm = γ (A) exists for every

A ∈ ∑
; γ (A) is the integral of f with respect to m and is denoted

by
∫
A fdm (see [Do] for details concerning the integral). Let L1 (m)

be the space of all functions which are integrable with respect to m;
we define a norm on L1 (m) by ‖f‖1 = sup {‖∫A fdm‖ : A ∈ ∑}. If µ
:
∑ → [0,∞) is a measure, then µ induces a measure µ̂ :

∑ → L (X,X)
via µ̂ (A) x = µ (A) x and a strongly measurable function f : S → X



258 Charles Swartz

is µ̂-integrable if and only if f is Pettis µ-integrable and the two in-
tegrals agree so the Dobrakov integral can be viewed as an extension
of the Pettis integral ([Do] 3.2). Thus, in general, L1 (m) is not com-
plete, but we use Theorem 2.8 to show that L1 (m) is barrelled if m is
countably additive with respect to the uniform operator topology.

As before we define PAf = χAf for A ∈ ∑
, f ∈ L1 (m). We show

that strong `1-GHP holds.

Theorem 7.1. P satisfies strong `1-GHP.

Proof: Let {Aj} ⊂ ∑
be pairwise disjoint, {fj} ⊂ L1 (m) be

bounded with ‖fj‖1 ≤ 1 and let t ∈ `1. Put f =
∞∑

j=1
tjχAj

fj [pointwise].

If A ∈ ∑
and q > p,

∥∥∥∥∥∥

q∑

j=p

tj

∫

A
χAj

fjdm

∥∥∥∥∥∥
≤

q∑

j=p

|tj|

so

lim
n

n∑

j=1

tj

∫

A
χAj

fjdm = γ (A)

exists. By Theorem 16 of [Do], f is m-integrable and the series con-
verges to f in ‖ ‖1 .

In order to establish the barrelledness of L1 (m) we put a further
restriction on the measure m.

Theorem 7.2. If m is countably additive with respect to the uniform
operator topology, then L1 (m) is barrelled.

Proof: We apply Theorem 2.8. Since m is norm countably addi-
tive there exists a measure µ :

∑ → [0,∞) such that lim
µ(A)→0

m (A) = 0

and µ and m have the same null sets ([DU] I.2.6; [DS] IV. 10.5). By
Theorem 3 of [Do] lim

µ(A)→0

∫
A fdm = 0 so lim

µ(A)→0
‖χAf‖1 = 0 for every

f ∈ L1 (m), and, moreover, if A is a µ-atom, then χAf is isomorphic
to X so Theorem 2.8 is applicable and gives the result.
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Remark 7.3. Theorem 2 is established in [Sw] employing another
abstract gliding hump theorem; the proof above based on Theorem
2.8 is more direct. It remains an open problem as to whether L1 (m)
is barrelled when m is only countably additive with respect to the
strong operator topology.
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pp. 25-117, (1909).

[ RR] K. P. S. Rao and M. Rao, Theory of Charges, Academic Press,
N. Y., (1983).
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