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Abstract

In this article we define the notion of fuzzy normed linear space
valued sequence space ég(X), 1 < p < o0 ina fuzzy normed linear
space X and discuss some of its properties like completeness, mono-
tone, solidness, convergence free and symmetricity. Also we prove
some inclusion results.

Key Words : Fuzzy real number, fuzzy normed linear space, mono-
tone, solid space, convergence free and symmetricity.

Mathematics Subject Classification (2010) : 40A05, 40D25,
03E72.

*The work of the author is supported by University Grants Commission of India vide
project No. F. 42-28/2013(SR), dated- 12 MARCH, 2013.


rvidal
Máquina de escribir
DOI: 10.4067/S0716-09172017000200245

http://dx.doi.org/10.4067/S0716-09172017000200245

246 Paritosh Chandra Das

1. Introduction

The concept of fuzzy set, a set whose boundary is not sharp or precise has
been introduced by L. A. Zadeh in 1965. It is the origin of new theory of
uncertainty, distinct from the notion of probability. After the introduction
of fuzzy sets, the scope for studies in different branches of pure and applied
mathematics increased widely. The notion of fuzzy set theory has been
applied to introduce the notion of fuzzy real numbers which helps in con-
structing the sequence of fuzzy real numbers. Different types of sequence
spaces of fuzzy real numbers have been studied under classical metric by
Das ([1], [2]), Matloka [5], Subrahmanyam [6], Tripathy et al [7], Tripathy
and Dutta ([8], [9]), Tripathy and Sarma [10], Tripathy and Debnath [11]
and many others. A few works on fuzzy norm which has relationship with
fuzzy metric have been done by Felbin [3] and some others. There is a lot of
material for the classes of sequences those can be examined by fuzzy norm.

2. Definitions and preliminaries

A fuzzy real number X is a fuzzy set on R, i.e. a mapping X : R — I(=
[0, 1]) associating each real number ¢ with its grade of membership X ().

A fuzzy real number X is called convex if X(t) > X(s) A X(r) = min
(X (s),X(r)), where s <t <.

If there exists ¢y € R such that X (¢p) = 1, then the fuzzy real number
X is called normal.

A fuzzy real number X is said to be upper-semi continuous if, for each
>0, X !([0,a+¢)), for all a € I is open in the usual topology of R.

The set of all upper-semi continuous, normal, convex fuzzy real num-
bers is denoted by R(I). Throughout the article, by a fuzzy real number
we mean that the number belongs to R([).

The a-level set [X]* of the fuzzy real number X, for 0 < a < 1, defined
as [X]*={t e R: X(t) > a}. If a« =0, then it is the closure of the strong

O-cut. (The strong a-cut of the fuzzy real number X, for 0 < a < 1 is the
set {t € R: X(t) > a}).
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For X,Y € R(I) consider a partial ordering < as
X <Y if and only if af < a§ and by <05, for all a € (0, 1],

where [X]|* = [a}, b{] and [Y]* = [a9, b9].

Let X,Y € R(I) and a-level sets be [X]* = [af, b}], [Y]* = [a§, b3],
a € [0,1]. Then the arithmetic operations on R(I) in terms of a-level sets
are defined as follows:

(X ©Y]* =[af + a3, 0] +b3],

[X@Y]a:[a’(lx_b%7 ?_Q%L

(X ®Y]*=] min_ afb¥, max afb®
ije{r2y 77 dje{r2y 'Y

and [T+Y]O‘:{é, %],O¢Y.

The absolute value, | X| of X € R(I) is defined by (see for instance
Kaleva and Seikkala [4])

o= OXC0 iz

A fuzzy real number X is called non-negative if X (t) =0, for all ¢t < 0.
The set of all non-negative fuzzy real numbers is denoted by R*(I).

Fuzzy Normed Linear Space

Let X be a linear space over R and the mapping || -|| : X — R*(I) and
the mappings L, M : [0,1] x [0, 1] — [0, 1] be symmetric, non-decreasing in
both arguments and satisfy L(0,0) =0 and M(1,1) = 1. Write
Hzl]® = [l=l|g Hz]]]S,], for x € X,0 < a < 1 and suppose for all = €
X,z # 0, there exists ag € (0, 1] independent of = such that for all o < «p,

(4) lll2]l5 < oo,

(B) inf , (o, ll7lll3 > 0.

The quadruple (X, ||-||, L, M) is called a fuzzy normed linear space and
|| - || & fuzzy norm on the linear space X, if

i) [|z|]| = 0 if and only if z = 0,

i) ||rz| = |r|l|z|,z € X,r € R,
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iii) for all z,y € X,
(@) [lz +yll(s+t) = L(lll|(s), [lyll(£)),
whenever s < [||z[|[{,t < [||y[l[{ and s +¢ < |[]z +y||]],

(b) [l +wll(s + £) = M(|[z]|(s), [[yl|(£)),
whenever s > [[|z[[]1, > [|[yl|li and s+t > |||z + y]I]}.

In the sequel we take L(z,y) = min(z,y) and M (z,y) = maz(x,y) for
x,y € [0,1] and we denote (X, || - ||, L, M) by (X, | -||) or simply by X in
this case.

With these L(z,y) = min(z,y) and M(z,y) = max(z,y) for z,y €
[0, 1], we have (refer to Felbin [3]) in a fuzzy normed linear space (X, || -||),
the triangle inequality (iii) of the definition of fuzzy normed linear space is
equivalent to

lz +yll < [l=]l @ [yl

The set w(X) of all sequences in a vector space X is a vector space
with respect to pointwise addition and scalar multiplication. Any subspace
A(X) of w(X) is called vector valued sequence space. When (X, || - ||) is
a fuzzy normed linear space, then \(X) is called a fuzzy normed linear
space-valued sequence space.

Throughout fnls denotes fuzzy normed linear space.

A fnls-valued sequence space EF'(X) is said to be normal (or solid) if
(yr) € EF(X), whenever |lyg|| < ||z, for all k € N and (zx) € EF (X).

Let K = ki <ky<ks... CN and EF (X) be a fnls-valued sequence
space. A K-step space of EY'(X) is a space of sequences )\kEF (X) ={(zx,) €
wf(X) : (z,) € EF(X)}.

A canonical pre-image of a sequence (xy,) € )\kEF(X) is a sequence
(yn) € WF(X), defined as follows:

[ zp, forneK,
Yn = 0, otherwise.

A canonical pre-image of a step space )\kEF (X) is a space of canoni-
cal pre-images of all elements in )\kEF (X), i.e. y is in canonical pre-image
/\kEF (X) if and only if y is canonical pre-image of some z € /\kEF (X).

A fnls-valued sequence space EF'(X) is said to be monotone if E¥(X)
contains the canonical pre-images of all its step spaces.

From the above definitions we have following remark.
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Remark 2.1. A fnls-valued sequence space Ef'(X) is solid = E¥(X) is
monotone.

A fnls-valued sequence space EF'(X) is said to be symmetric if (2.4(,)) €
EF(X), whenever (xx) € EF(X), where 7 is a permutation of N.

A fnls-valued sequence space E¥'(X) is said to be convergence free if
(yr) € EF(X), whenever (z) € E¥(X) and 3 = 0 implies y;, = 0.

Let (X, | -|) be a fuzzy normed linear space. A sequence (z) € X
is said to converge to x € X, denoted by lim  _ __x, = x, if and only if
lim, |z, — x| =0.

ie,lim |||z, —2l||f =lim _ |||z, —2|||§ =0, for a € (0,1].

Thus, lim
for 0 € (0, 1].

oo lZn — x|l =0 if and only if lim |||z, — ||| =0,

A sequence (z,,) in a fuzzy normed linear space (X, ||-||) is called Cauchy
if

ie., im nooo [[|zn, —2|||5 =0, for a € (0,1].
A fuzzy normed linear space (X, || - ||) is called fuzzy complete if every
Cauchy sequence in X converges in X.

With the concept of fuzzy norm || - ||, the fuzzy normed linear space
valued sequence space £}'(X) is defined by:

Ef(X) = {a: = (z) € WF(X): i |zk||? < A, for some A € R*(I)}
k=1

Let (X, -||) be a fuzzy normed linear space. Then for a sequence
z = (x) € 5(X),1 < p < oo, the class of all p-absolutely summable
sequences in (X, || - ||) we define

S
ol = {2 uxknp}
k=1

Clearly, ||z| is a norm.
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Throughout w” (X), £5'(X) and ¢ (X) denote the spaces of all, p-absolutely
summable and convergent sequences in fuzzy normed linear space X respec-
tively.

3. Main results

Theorem 3.1. The class of p-absolutely summable sequences, 65()() 18
fnls-valued sequence space.

Proof: Let (X, |- ) be a fnls and = = (1), y = (yx) € £5(X). We have
for k€ N, |lzg + yrllP < 2P max {{lz[|P, [lyr [P} < 2°(z P @ [lyll) -

It follows that Y |lz) + yxl|? < co. Thus () + yx) € €5 (X).
k=1

o0 [e.°]
Let r € R. We have Y |[rzg|? = |r|P Y ||xk]|P < 0o. Thus rzy € Eg(X).
k=1 k=1

So, 85 (X) is a subspace of w'(X) and hence it is fnls-valued sequence space.

Theorem 3.2. The space Eg(X), 1 < p < oo, is complete with the norm

1
p
9

Il = {g: kaup}

where © = (xp) € EE(X), k€ N and X is complete.

Proof: Let (z(™) be a Cauchy sequence in F(Xx),
n) _ () _ () _(n) _(n) F
where x x), Ty, Ty, T3 ,...) € £, forall n € N.
Then for a given € > 0 there exists ng € N such that [z — z(™)| =
1
{Z ||a:§€n) — x,&m)Hp}p < g, for all m,n > nyg.

= 2 — M) <=

= (x,gn)) is a Cauchy sequence in X for each k£ € V.

Since X complete, there exists x; € X such that ||l‘](€n) —xi]| — 0 as
n — oo, for each k.

= |Hx,(€n) — z¢|[|§ — 0 as n — oo, for each o € (0, 1].
Again, (™ is a Cauchy sequence, for each € > 0, there exists ng = no(e)
such that

(Sl - =mp}? <z,
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= [Z{]Hx,&n) —x,&m)]\lg‘}p}% < ¢ for each o € (0, 1].

Now fix n > ng and let m — oo, we have

1
[Z{H’w?) - :ckmg}p} P <e, for all n > ng and «a € (0,1]

1
(3.1) = {Z ||x§€n) — kap}p < g, for all n > ny.

1
(32) = {Z 2™ — 3:||p}p < g, for all n > ng, where x = (x).

Hence z(™ as n — oo.
Now we show that x = (z) € £ (X).

From (3.2) we have, {Hx(") - l‘”p} <eP
= (2 —2) e d'(X).

Since z = z(™ + (ZL‘ — 2™ ) , so by Minkowski inequality and using (3.1)
we have

1 o 1 o 1
{E1alr}” <{ £ 11} & { £ o o1}
k=1 k=1 k=1
x ) 1px: =
<X [l lIPr @ F
k=1
= { > ||33k||p} < o0, since z(M = (x,in)> € E{;(X).
k=1

Thus z € 85 (X) and hence the result.

Theorem 3.3. The sequence space Eg(X) 1s solid and as such is monotone.

Proof: Consider two sequences x = (zx) and y = (yx) such that ||z| <
lykll, for all k € N and (yx) € £ (X).
=3 |lzkllP < X lykllP < oo. Thus = = (zx) € ZE(X).
Hence ¢5'(X) is solid.
The space £5'(X) is monotone follows from the remark 2.1.

Theorem 3.4. The sequence space E{;(X) 18 mot convergence free.

Proof: The result follows from the following example.
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Example 3.1. Consider the sequence z = (xy) defined as follows.

o {k‘2, for k even,
B 0, for k odd.

We have X is a fuzzy normed linear space. For any sequence z = (z) € X,
let us consider ||z, defined as follows:

At 3lzk|
For k€ N,z # 0, |z (1) = { Tl — 3 for “3- st <lal,
0, otherwise.

(3.3)

1, fort=0,

and for z;, = 0, ||z ||(¢) = {0 otherwise.

Using (3), we have for

At 3lzk| _ 7.-2
k even and z # 0, ||zg]|(t) = { Jox] 3, for 1 St fa| =k
0, otherwise.

(3.4)

and for k£ odd,
1, fOI‘ t= Oa
llzell(t) = {07 otherwise.

(3.5)

Again for each a € (0, 1] we have,

(a+3) 7.—2 7.—2
[|zk]]]* = { Tk } , for k even,
[0, 0], for k£ odd.

Hence for each a € (0, 1],];::1 [lzx]|1$]F = kzzjl (k2> kZ::O {—(2k+1)2} < 00
= > |lzxllP < co. Thus z = (z) € 5 (X).
k=1

Let the_sequence y = (yr) be defined as follows:

_ k;_%, for k even,
Yk =
0, for k odd.

Then for k£ even and using (3.1), we have
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4t 3kl -
Myl () = { T — 3 for T St<lwl=k"7,
) otherwise.

B =

1, fort=0,
and for k odd, [|y|(t) = {0 otherwise.

Again for each a € (0, 1] we have,

o [(‘)‘13)14375,14:7%} , for k even,
[llywll]™ =
[0, 0], for k odd.

S X s _1\P X _14p
Hence for each a € (0,1], > [||lvxllI$]F = > (k; P) - {(2k+1) P} ,

k=1 k=1
which is unbounded.

= %O: llyk||P is unbounded. Thus y = (yx) & €5 (X).
k=1

Hence £'(X) is not convergence free.

Theorem 3.5. The sequence space Eg(X) s symmetric.

Proof: Let z = (z3) € £5(X).
Let y = (yx) be a rearrangement of the sequence x = (zx) such that
Tk = Ym, for each k € N.

Then, 3= [[ym, [P = > [z ]|P < oo
Thus y = (yx) € £ (X). Hence the result.

Theorem 3.6. Eg(X) - Eg(X),l <p<g<oo.

Proof: Let z = (z3,) € €5(X), then we have

S lzkllP < oo = X [zl [|5]F < oo, for each a € (0, 1].
Since limg 0 ||z — 0] = 0 (as (zx) € Zg(X)), so there exists a positive
integer ng such that ||z — 0| <1 (1 € R*(1)), for all k > ny.

no—1 00
Wehave, - flenll® = el 2 el

k=ng

o0 o0
Clearly, 3= |lzgl|? < X2 [lzg[/” < oc.

k=ng k=ng

no—1
Further we have, Y |lx]|? is finite sum. So, 3" ||zk||? < co.
k=1

Thus = = (zx) € Kg(X) and hence the result.
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