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Abstract

In this article we introduce and study some spaces of I-convergent
sequences of interval numbers with the help of a sequence F = (f%)
of moduli, a bounded sequence p = (pi) of positive real numbers and
a lacunary sequence 0 = {k,} of increasing integers. We study some
topological and algebraic properties and some inclusion relations on
these spaces.
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1. Introduction and Preliminaries

Let N, R and C be the sets of all natural, real and complex numbers,
respectively.

Let £, ¢ and ¢g be denote the Banach spaces of bounded, convergent
and null sequences, respectively with norm

]l = sup |z, | .
k

We denote
w={z = (zx) : x € RorC},

the space of all real or complex sequences.

It is an admitted fact that the real and complex numbers are playing
a vital role in the world of mathematics. Many mathematical structures
have been constructed with the help of these numbers. In recent years,
since 1965 fuzzy numbers and interval numbers also managed their place in
the world of mathematics and credited into account some alike structures .
Interval arithmetic was first suggested by P.S.Dwyer [12] in 1951. Further
development of interval arithmetic as a formal system and evidence of its
value as a computational device was provided by R.E.Moore [22] in 1959
and Moore and Yang [23] and others and have developed applications to
differential equations.

Recently, Chiao [11] introduced sequences of interval numbers and de-
fined usual convergence of sequences of interval numbers. Sengéniil and
Eryilmaz [34] introduced and studied bounded and convergent sequence
spaces of interval numbers and showed that these spaces are complete.

A set (closed interval) of real numbers = such that a <z < b is called
an interval number [11]. A real interval can also be considered as a set.
Thus, we can investigate some properties of interval numbers for instance,
arithmetic properties or analysis properties. Let us denote the set of all
real valued closed intervals by TR. Any element of IR is called a closed
interval and it is denoted by A = [x;,x,]. IR is a quasilinear space under
the algebraic operations and a partial order relation for IR found in [34]
and any subspace of IR is called quasilinear subspace (see [34]). Further
research on interval numbers was carried out by Esi and Braha [6], Esi and
Hazarika [8], Esi [1-9] and the references therein.

The set of all interval numbers IR is a complete metric space defined
by
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(L) d(Ay, Ag) = max{| @1, — 3, |, | 1, — 22, [}, (see[23,34]).

where x;andz, be first and last points of A, respectively.
In a special case, Ay = [a,a], A2 = [b,b], we obtain the usual metric of
R with

d(lel,leg) :’ a—b ’ .

Let us define transformation f from N to IR by k — f(k) = AX=
(Ag). The function f is called sequence of interval numbers, where Aj, is
the k™" term of the sequence (Ay).

Let us denote the set of sequences of interval numbers with real terms
by
(1.2) w( &) = {&x=(4,): A4 € IR}.

The algebraic properties of w(,i) can be found in [11, 34].
The following definitions were given by Sengoniil and Eryillmaz in [34].

A sequence & = (Ax) = ([k,, 7k, ]) of interval numbers is said to be
convergent to an interval number Ay = [z,, To,] if for each ¢ > 0, there
exists a positive integer ng such that d(Ay, Ag) < e, for all k > ng and we
denote it as li’ICn A, = Ay.

Thus, li}grn A, = Ay & 111?1% = xo,and li]1€n xk, = To, and it is said to

be Cauchy sequence of interval numbers if for each € > 0, there exists a
positive integer ko such that d(Ag, A,,) < €, whenever k, m > k.

Let us denote the space of all convergent, null and bounded sequences of
interval numbers by C(&), Co(A) and loo(A), respectively. The sets C(A),
Co(A) and (oo (A are complete metric spaces with the metric

~

d(Ag, By) = supmax{|zy, = yu|, [2k, = Yk [}(see[34]).
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If we take By = 0 in (3) then, the metric d reduces to
(1.4) d(Ay,0) = sup max{|zy, |, [, [}

In this paper, we assume that a norm ||A|| of the sequence of interval
numbers (Ay) is the distance from (A;) to 0 and satisfies the following
propegties_:

VAy, B, € A\(A) and Va € R

(N1)V A € M) — {0, | 4]l 5 > O,

(N2)HAK‘||)\(J§) =0 Ak e O,

(N3)||Ak_+ Belly g = ||_Ak||A(;) +IBklly

(N4)]|04Ak\|/\(§) = ’C%\HAI@H/\@), where A(A) is a subset of w(A).

Let &A= (4;) = ([zk,, z,.]) be the element of C(./i), Co(,i) or ﬁoo(./i).
Then, in the light of above discussion, the classes C(4), Co(.,i) and { (./1)
of sequences of interval numbers are normed interval spaces normed by

(1.5) | A= Sllipmax{l Tk, |;| @, [}(see[34]).

Throughout, 0 = [0,0] and I = [1, 1] represent zero and identity interval
numbers according to addition and multiplication, respectively.

As a generalisation of usual convergence for the sequences of real or
complex numbers, the concept of statistical convergent was first introduced
by Fast [13] and also independently by Buck [10] and Schoenberg [33]. Later
on, it was further investigated from a sequence space point of view and
linked with the Summability Theory by Fridy [15], Salat [30], Tripathy [35]
and many others. The statistical convergence has been extended to interval
numbers by Esi and others as follows in [1-9].

Let us suppose that A= (Ap) € Eoo(ﬁ). If, for every € > 0,

1 _ _
(1.6) hTILn—Hk‘EN:H Ak—AO ||2 G,k‘SnH:O.
n
Then, the sequence A= (Ag) is said to be statistically convergent to
an interval number Ay, where vertical lines denote the cardinality of the

enclosed set. That is, if §(A(e)) = 0, where A(e) = {k € N :|| Ap—Ap ||> €}.

The notion of ideal convergence (I-convergence) was introduced and
studied by Kostyrko, Macaj, Salat and Wilczynski [20, 21]. Later on, it
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was studied by Saldt, Tripathy and Ziman [31, 32], Esi and Hazarika [8],
Tripathy and Hazarika [36], Khan etal [16, 17], Mursaleen and Sunil [25]
and many others.

Definition 1.1. Let N be the set of natural numbers. Then, a family of
sets 1 C 2N (power set of N) is said to be an ideal, if

(i) I is additive. That is, VA,B €l = AUB¢€ I,

(ii) I is hereditary. That is VA € IandB C A= B € [.

A non-empty family of sets £(1) C oN s said to be filter on N, if and only
if

(i) ® ¢ £(1),

(1)) YA, B € £(I) we have AN B € £(I),

(iii) VA € £(I) and AC B= B e £(I).

An Ideal I C 2N is called non-trivial if T # 2N.

A non-trivial ideal I C oN s called admissible if

{{z}:2 e N} C 1.
Let us suppose that I be an ideal. Then, a sequence A= (Ap) € Eoo(.»i) C

w(./i)

(i) is said to be I-convergent to an interval number Ag if for every e > 0,
{ke N:|| Ay — Ao ||[> €} € I

In this case, we write I —lim A, = Ag. If Ag = O.
Then, the sequence A = (Ap) € Eoo(./i) is said to be I-null. In this case, we
write I —lim Ay, = O.
(ii) is said to be I-Cauchy, if for every e > 0, there exists a number m =
m(e) such that

{keN:|| Ay — A ||> et € L

(#3) is said to be I-bounded, if there exists some M > 0 such that
{ke N:|| Ay |> M} e I

We know that for each ideal I, there is a filter £(I) corresponding to I.
That is, £(I) = {K CN: K¢ € I}, where K =N\ K.

Definition 1.2. A sequence space )\(ﬁ) of interval numbers is

(iv) said to be solid(normal), if ( Ay) € )x(./i), whenever (Ay) € )\(./1) and
for any sequence () of scalars with | oy, |[< 1, for all k € N,

(v) said to be symmetric, if (Arx)) € A(A), whenever Ay € MN(A), where 7
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18 a permutation on N,

(vi) said to be sequence algebra, if (Ay) * (By)
(Ar); (Br) € A(A), ) ]
(vii) said to be convergence free, if (By) € )\(./1) whenever (Ay,) € A(A) and
Ay, = O implies By, = O, for all k.

Definition 1.3. Let K = {k1 < k2 < k3...} C N. The K-step space of the

D = {(A,) € w5 (A) € A},
AR

Definition 1.4. A canonical pre-image of a sequence (Ay,) € Wi s a
sequence

(By) € w(yi) defined by

(Ap.By) € )\(./i) whenever

/\(,i) S a sequence space u}\((

¥= 1 O, otherwise.

A canonical preimage of a step space ,u%“é) s a set of canonical preimages

A AR

of all elements in p3”". That is, B is in the canonical preimage of g

zﬁg is the canonical preimage of some Ae ,u}\((’i).

Definition 1.5. A sequence space )\(./i) 1s said to be monotone, if it con-
tains the canonical preimages of its step space.

Definition 1.6. A function f : [0,00) — [0,00) is called a modulus
function if

(1) f(t) =0 if and only if t =0,

ft4+u) < f(t)+ f(u) for all t,u >0,

(8) f is increasing, and

(4) f is continuous from the right at zero.

A modulus function f is said to satisfy Ao — Condition for all values of u
if there exists a constant K > 0 such that f(Lu) < KLf(u) for all values
of L > 1.

The idea of modulus function was introduced by Nakano in 1953, (See [26],
Nakano, 1953).

Ruckle [27-29] used the idea of a modulus function f to construct the se-
quence space

LX) = {2 = @)+ 3 Fllaul) < 00} = {o = s (£ 2 D) € X},

k=1
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After then, E.Kolk [18-19] gave an extension of X(f) by considering a
sequence of modulii F = (fx) and defined the sequence space

(1.8) X(F) = {z = (@) : (fullze])) € X}.

Mursaleen and Noman [24] introduced the notion of A-convergent and \-
bounded sequences. We extended this concept to the sequence of interval
numbers as follows.

Let X = (M), be a strictly increasing sequence of positive real numbers
tending to infinity. That is,

(1.9) 0< Ay <AL < A2 < Az.., Ap — o0ask — oo.

The sequence A= (Ap) € loo (./i) is A-convergent to an interval number Ay,
called the \-limit of ./i, if A ./i) — Ay, as m — oo, where

€
A

Z)\k_Ak 1) Ay, (k € N).

Here and in the sequel, we shall use the convention that any term with a
negative subscript is equal to naught. For example, A_1 = 0.

In particular, & = (Ay) € loo(A) is said to be A\-null, if Am(&) — 0, as

m — OQ.

The sequence A = (Ay) € loo(A) is A-bounded, if sup || Apm(A) [|< oo.

It can be seen that if lim A,, = A in the ordinary sense of convergence of
m
interval numbers, then

(L10)  lim (; (i(xk—xko | A A )) =0

k=1

This implies that

(1.11) B | A () — A=l | 5 30w~ M) (g — 4) =0
Am k=1

which yields that h#LnAm(yi) — A and hence & = (Ag) € Koo(,i) is A-

convergent to A.
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Let us denote the classes of I-convergent, I-null, bounded I-convergent and
bounded I-null sequences of interval numbers with C[(Ji), Cc{(./i), Mé(./i)
and M, (A, respectively.

By a lacunary sequence we mean an increasing integer sequence 0 = {k,}
such that kg = 0 and h, := k., — k._1 — o0 as r — o0o. Throughout this
paper the intervals determined by 0 will be denoted by I, := (ky—1,kr) and
the ratio kfil will be abbreviated by q,

The space of lacunary strongly convergent sequence Ny was defined by Freed-

man etal [14] as:

1
Ng—{a:—a:k:li;nh—rkezj | z, — £ | for somel}

We need the following popular inequalities throughout the paper.
Let p = (pr) be the bounded sequence of positive reals numbers. For any
complex \, whenever H = sup(py) < 0o, we have

k

| A [P < max(L, | A7)

Also, whenever H = sup(py), we have
k
| ak + by [PF< C(| ag [P* + | by [PF).
where D = max(1,2771).

For any modulus function f, we have the inequalities

| f(@) = f(y) I< flz—y)

and
f(nz) <nf(x), for allx,y € [0, c0].

Now, we give some important Lemmas.

Lemma.l1.7. Every solid space is monotone.

Lemma.1.8. Let K € £(I) and M C N. If M ¢ I, then M N K ¢ I,
where £(I) C 2N filter on N.

Lemma.1.9. If 1 C 2N and M C N. If M ¢ I, then M NN ¢ I.

Let us give a most important definitions for this paper.
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Definition 1.10 (see [37]). Let X be a quasilinear space of interval num-
bers. A function g : X — R is called paranorm on X, if for all A, B € X,
(P1)g(A) = 0if A =0,

A+ B) <g(A) +9(B),

A\n) is a sequence of scalars with A, — X (n — c0) and (4,), 49 € X
with g(An) - g(AO) (T‘L - OO)’ then g(AnAn) - g(AAO) (n - OO),

Ps) If A < B, then g(A) < g(B).

Definition 1.11 (see [37]). Suppose that X is a quasilinear space and
Y C X. Y is called a subspace of X whenever Y is a quasilinear space with
the same partial ordering and same operations on X.

Theorem 1.12 (see [37]). Y is a subspace of a quasilinear space X if and
only if for every z,y € Yanda, 8 € R,az + By € Y.

In this article, we introduce and study the following classes of sequences;

CI('/i7 9’ A’ f’ p)

= {ﬁz (Ay) € Eoo(Ji) {reN: hi Z fk( Il Ak(ﬁ)—/_l I )pk > ¢} € 1, for some/_l}
" kel
(1.12)

Cl(&A 6, N, F,p)

= {i— (k) € taol® : freN: = 3 (1 AH) ) > ) € I};

T kel,

(1.13)

(&6, F,p)

_ {ﬁ: (Ap) € loo(A) 1 IK > st {r e N : hi;fk( | AR(A | )pk > K} e 1};

(1.14)
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loo( A 0, A, F, p)

(1.15) = {zﬁz (A) € ool B s sup oo S i AalB) )" < oo}.

moUT kel

We also denote

Mé(‘/i7 0? A? f7p) = KOO(‘/i7 07 A’ f7p) ﬂ CI(‘/i’ 07 A? f’p)

and

Méo(yi,H,A,f,p) = ﬁoo(./i, 0,\, F,p) ﬂCé(ﬂéH.A,]—",p), where p = (pg)
is a bounded sequence of positive real numbers, F = (f;) is a sequence
of modulus functions, § = {k,} is a lacunary sequence and A= (Ag) €
oo (A) C w(.,i) is a bounded sequence of interval numbers.

2. Main Results

Theorem 2.1. Let F = (f;) be a sequence of modulus functions and
p = (pr) be the bounded sequence of positive real numbers.Then, the sets

CI(& 0, F,p), CL(& 0,A, F,p), ML(E 6, A, F,p) and ML (R 6, A, F, p)

are quasilinear spaces over the field of real numbers.

Proof. We shall prove the result for the space C! (./1, 0,A, F,p). Rests will
follow similarly.

For, let A= (Ak),éz (By) € CI(./i,G,A,]:, p) and «, 3 be scalars. Then,
there exist positive integers M, and Ng such that | a |[< M, and | 8 [< Npg.
Now, since & = (flk),g = (By) € C[(./i, 0,A\,F,p), then, there exists
A, B € IR such that the sets

1) A=eN:= Y (Mm@ -4 el

r kel

and

22  A=feN: Y A(IMmB-B1) zder

" kel,

Since, each fi, k € N is modulus function, we have,

T3 e I AxtaZ + 5B — (A + 5A) | )"

" kel,
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< DO x 2= Y fe I Ax( B~ A )"

h kel,

(2.3) =3 (1 AB - B )

T kel

The above inequality further implies that

{TEN ka(H Ay aé—&-ﬁg (aA+ BA) | )pk 26}

hy kel

g{reN ka(\Ak AH)pkze}

hy kel,

u{reN' > fie((1 Ax(B) BHY%Ze}

hy kel,

=AsUAs el

The result follows from the above inclusion and the definition of quasilinear
space.

Theorem 2.2. Let F = (fi) be a sequence of modulus functions and p =
(pk) be the bounded sequence of positive real numbers. Then, the classes of

sequences ./\/lé (vi, 0,A\,F,p) and ./\/léo (./i, 0, A, F,p) are paranormed spaces,
paranormed by

Pk

g(«i) = g((4y)) = suph— Z fk( || Ap(Ag) || )M whereM = max{1, suppk}

I kel

Proof. Let &= (flk),éz (By) € Mé(./i, 0,\, F,p).
(Py) It is Clear that g(&) =0, if £=4.

(P,) Tt is also obvious that g(&) > 0.

E 3% g(A&) = g(—A) is obvious.

P,) Since L <1 and M > 1, using Minkowski’s inequality, we have

g(E+ B) = g(A + By)
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Pk

s 3 il AxAi+ B) )

" kel
—sup o 3 S| A(A) + An(B) | )™
" kel
<sup o 3 A I AnA) 1%+ Au(B) 1)
" kel
~ Py
<sw = 3 il s )
" kel
JrSliphi > fk( I Ak(Bk)> |5
" kel
= 9(A&) +g(B).

Therefore, g(«i—i— é) < g(«i) + g(g), for all & B Mé(«i, 0,\, F,p).
(Ps5) Let (Ax) be a sequence of scalars with (A\;y) — A(k — o0) and
(A), Ag € Mé(ﬁ, 0, A, F,p) such that

Ak — Ao(k - OO),

in the sense that B B
g(Ar — Ap) — 0(k — o0).

Note that g(AZ&) < max{1,| A |}g(A).
Then, since the inequality

9(Ax) < g(Agx — Ao) + g(Ao)

holds by subadditivity of g, the sequence {g(A4y)} is bounded.
Therefore,

| 9(MeAr) — 9(A o) |=] g(MeAr) — g(AAR) 4+ g(AAR) — g(AAp) |

<| Ae = A5 g(AR) [+ 319 | g(Ar) — g(Ao) |— 0

as (kK — 00). That is to say that scalar multiplication is continuous.
(Ps). Since each fi, k € N is an increasing function, it is clear that

g(yi) < g(é), it £C B
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Hence ./\/l{;(/i, 0,A\, F,p) is a paranormed space.
For M{, (./i, 0,A,F,p), the result is similar.

Theorem 2.3. The set M}, (A):, 0, A, F,p) is closed subspace of £, (,/1, 0,\, F,p).

Proof. Let A" = (Aén)) be a Cauchy sequence in Mé(ﬁ, 0, A\, F,p) such
that

A A

WeshowthatAEMC A0, ,F,Dp).
Since AM = )) e ME( yi 6, A, F,p). Then, there exists A, such that

ey reNi = X R(IME) - A ) 2 eper

Tklr

We neied to show that B
(1) (A;,) converges to Ap.

2 UU={reN:\ P> Fe (1l Ae(B) — Ao || )™ < e}, then U € I.
kel

(1) Since A = (A )) is Cauchy sequence in Mé(.zi, 0,\,F,p) = for a
given € > 0, there eX1sts ko € N such that

PE
sup 3= Z fk( | Ax( ./i(n Ak(.ﬁq)) I ) M < g,for alln, g > ko

v kel
where M = max{1, sup px}.
k

For € > 0, we have

Bug={r e N: = 3 Al AuCE™) - ACED) | ) < (9,

hy kel,

By={reN: = Y s AldD) — 4, )" < (§)M),

hy kel

B, = { eN o 3 A - A4 ) < <5>M}.

hy kel,

Then, By, By, By € 1

ng’
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Let B¢ = By, U By U By, where
1 — - Pk
B={reN:—> fi(ll A~ Au )" <e}.

T kel,

Then, B¢ € I.
We choose ky € B¢. Then, for each n,q > kg, we have

{reN:h%kgrfk(n A=A | )" <}

freN: Y g 1A, - A E9) | )" < <3

b kel,

(e N om0 IAED) - a9 ) < (M)

7" kel

e 5 (A - A0 ) < ()

b kel,

Then, (A,) is a Cauchy sequence of interval numbers, so there exists some
interval number Ag such that 4,, — Ap as n — oo.
(2) Let 0 < 6 < 1 be given. Then, we show that, if

U={reN: - 3 Al | A - Ao )" <),

hr kel,

then, U€ € I
Since A = (A4 — A then, there exists gy € N such that

(25) P={reN: - 3 f 1 A(A9) ~ (B )" < ()™

hy kel

implies P¢ € I, where
D = max{1,27" 1 H = supp;, > 0.
k

The number gg can be chosen that together with (20), we have

0

Q=1{reN: = Y Al Alda) Ao )" < (55

)M}
he & 3D
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such that Q¢ € I.

Since {r e N: = " fk( I Ak(./i(qo)) — A(Ag) | )pk >0} € I. Then, we
" kel
have a subset S of N such that S¢ € I, where

- k )
= (re N 3 (1 AED) — A(Ay) )" < (o)),
" kel
Let U¢ = P°UQ° U S¢, where
U={reN:t 5 Al AB - Ao )" <)
Therefore, for each k € U¢, we have
freN:L > fi( M@ -4 )" <a)
kel,
k 1)
S [freN: - Y (1 AED) A )™ < (5)")
" kel
- k )
AreN: - 3 Al A(ED) — A(Ag) 1) < ()Y
T kel
i 6
26)  nfreN:= 3 el I AA) ~ Ao )" < (G
T kel

Then, the result follows from (21).

Since the inclusions Mé(yi, 0,\,F,p) C ﬁoo(ﬁ, 0,A\,F,p) and

./\/léo (Ai, 0,\,F,p) C Eoo(,/i, 0, A\, F,p) are strict so in view of Theorem (2.3)
we have the following result.

Theorem 2.4. The spaces Mé(.«i,ﬁ,A,f,p) and M{ (./i, 0,\,F,p) are
nowhere dense subsets of Eoo(yi, 0,\,F,p).

Theorem 2.5. The spaces Cé(.zi,@,A,J’:,p) and Méo(yi,ﬂ,/\,f,p) are
both solid and monotone.

Proof. We shall prove the result for Cé(“i, 0,A, F,p). For M}, (,1, 0,\, F,p),
the result follows similarly.

For, let & = (Ap) € Cé(.,i, 0,A\, F,p) and (ay) be a sequence of scalars with

| ax |< 1, for all k € N.

Since | oy, [P*< max{1,| ay |©} < 1, for all k € N, we have



340 Mohgq Shafiq and Ayhan Esi

1
T ka( | crAg(Ag) ||> h_z (|A/r€ (Ap) ||> ,for all k € N.
" kel el,

which further implies that

{reN:— =S (A 1) 2 ¢ 2

T kel,

{reN: Z Fi (I () | ) > e}
hy kel
Thus, o (Ay) € CL(&.60,A, F, p).
Therefore, the space Cé(yi, 0, A\, F,p) is solid and hence by lemma (1.7), it
is monotone.

Theorem 2.6. Let F = (f;) and G = (gx) be two sequences of modulus
functions and for each k € N, (fx) and (g) satisfying Ay — Condition and
p = (pr) € > be a bounded sequence of positive real numbers. Then,

X(A60,A,G,p) CX(A0,\Fog,p),
X(A 0, F,p)N(A0,AGp) CXEONF+Gp),
for X=C!, CI, M and Méo

Proof. (a). Let A= (Ap) € Cg(.i, 0,A,G,p) be any element.
Then, the set

(2.7) {reN ng<\AkAk ||> >e}eI.

hy kel,

Let € > 0 and choose § with 0 < § < 1 such that fx(t) <¢e,0 <t <o.
Let us denote

.5) B a0 )

" kel,
and consider
li B 1 B 1 B
i fe(Be) = g I £u(Be) + gl (B,
Now, since fifor each k € N is an modulus function, we have

(2.9) lim  fi (Bk> < fk(Q) Clim  (Bp).

B, <6,keN Bp<6,keN
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For By, > 6, we have

By, Bk
B,< =<1+—=—=
k< 5 <l+ 5
Now, since each fj is non-decreasing and modulus, it follows that
_ By, 1 QBk
Fu(Br) < fr(1+ =) < 5fu(2) + —fk:( )-
Again, since each fj, k € N satisfies Ay — Condition, we have
. (Bk) (Br)
fi(Be) < 5K i (2) 4 5 S o).

Thus, fi (Bk) < KBy (2)
Hence,

li By) < LK (2D 1 By),H = 1,s .
gl Fe(Be) < ma{l, (KA (2)7) ) Tim (B, H = max{1, sup py }

2.10

therszore, from (23), (24) and (25), we have

A= (A;) € CHAO,A\,Fog,p).

Thus, Cg(ﬂﬁ, 0,\,G,p) C CC{(.@,H,A,}" o G,p). Hence, X(./i, 0,A,G,p) C
X(&0,\,Fog,p) for X=CL.

For X= C!, Mé and Méo the inclusions can be established similarly.

b). Let A= (Ap) € C({(./i, Q,A,.’F,p)ﬂcg(,/zé 0,A,G,p). Let € > 0 be given.
Then, the sets

(2.11) {7“ €N: hi > fk( | Ak (Ag) | >pk > 6} el

" kel

and
1 _ Pr

(2.12) {r EN:- Y gk< | Ap(Ag) | ) > e} el
" kel,

Therefore, from (26) and (27), we have

{TEN:% Z(fk+gk)( I Ak(Ar) | )pk Zf} €l

T kel,

Thus, A= (4;) € CL(Z 0,A, F +G,p)
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Hence, CL(& 0, A, F,p) NCL(A 0,A,G,p) C CL(A 0,\, F +G,p).

For X= (!, Mé and Méo, the inclusions are similar.

For gi(z) = = and fi(x) = f(z), V & € [0,00), we have the following
corollary.

Corollary 2.7. X(E, 0,A\,p) C X(é,G,A,}“,p), for X= ¢!, ¢l, M{ and
M.

Theorem 2.8. Let F = (f;) be a sequence of modulus functions. Then,
the inclusions Cé(ﬁ,@, A, F,p) C Cf(ﬁ,e, A, F,p) C Ego(./i, 0, A, F,p) hold.

Proof. Let A= (A}) € CI(A6,\,G,p) be any element.
Then, there exists some interval number A such that the set

{reN > el Au(Ay) — Ay > e e 1.

hy kel,

Since, each fi is modulus function for all £ € N, we have

7 Z S|l Ap(Ag) [P

" kel,
=7 ka (Il Ap(Ap) — A+ AP
" kel,
1 i 1 i
— Z (I Ak(A) = A )Pe+— 3" fulll AP
h I hy kel,

Taking supremum over r on both sides, we get A= (Ay) € ¢4, (./i, 0,\,F,p).
The inclusion Cé(yi, 0,\,F,p) C CI(,i, 0,A,F,p) is obvious.

Hence CL(&, 0, A, F,p) C CL(& 0, A, F,p) C L (R 6,A,F,p).

Theorem 2.9. The spaces Cé(./i, 0,A\,F,p) and CI(E,H,A,]:,p) are se-
quence algebra.

Proof. Let £ = (f_lk),gz (By) € Cé(ﬁ, 0,A\,F,p). Then, the sets

(2.13) {TGN ka<||AkAk)||> e}EI

hy kel
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{reN:hika<|y Ae(Be) || )pkze}ef.

" kel,

Therefore, from (28) and (29), we have

{1“ EN: Y fk< | Au(ArBy) | )pk > e} el

" kel,

Thus, ABe Cé(ﬁ, 0, A, F,p). Hence, C} (./i, 0, A, F,p)is asequence algebra.
Similarly, we can prove that C’ (./1, 0,\,F,p) is a sequence algebra.
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